Abstract We prove that if T is a strictly singular 1-1 operator defined on an infinite dimensional Banach space X, then for every infinite dimensional subspace Y of X there exists an infinite dimensional subspace Z of X such that Z ∩ Y is infinite dimensional, Z contains orbits of T of every finite length and the restriction of T on Z is a compact operator.
The main result
Our main result is Theorem 2.1. Let T be a strictly singular 1-1 operator on an infinite dimensional Banach space X. Then, for every infinite dimensional subspace Y of X there exists an infinite dimensional subspace Z of X, such that Z ∩ Y is infinite dimensional, Z contains orbits of T of every finite length, and the restriction of T on Z, T | Z : Z → X, is a compact operator.
The proof of Theorem 2.1 is based on Theorem 2.3. We first need to define the biorthogonal constant of a finite set of normalized vectors of a Banach space. Definition 2.2. Let X be a Banach space, n ∈ N, and x 1 , x 2 , . . . , x n be normalized elements of X. We define the biorthogonal constant of x 1 , . . . , x n to be bc{x 1 , . . . , x n } := sup max(|α 1 |, . . . , |α n |) : and that bc{x 1 , . . . , x n } < ∞ if and only if x 1 , . . . , x n are linearly independent. Before stating Theorem 2.3 recall that if T is a quasi-nilpotent operator on a Banach space X, then for every x ∈ X and η > 0 there exists an increasing sequence (i n ) ∞ n=1 in N such that T in x ≤ η T in−1 x . Theorem 2.3 asserts that if T is a strictly singular 1-1 operator on a Banach space X then for arbitrarily small η > 0 and k ∈ N there exists x ∈ X, x = 1, such that T i x ≤ η T i−1 x for i = 1, 2, . . . , k + 1, and moreover, the biorthogonal constant of x, T x/ T x , . . . , T k x/ T k x does not exceed 1/ √ η.
Theorem 2.3. Let T be a strictly singular 1-1 operator on a Banach space X. Let Y be an infinite dimensional subspace of X, F be a finite codimensional subspace of X and k ∈ N. Then there exists η 0 ∈ (0, 1) such that for every 0 < η ≤ η 0 there exists x ∈ Y , x = 1 satisfying Thus x n = x n − x n−1 ≤ x n + x n−1 ≤ 4 (where x 0 = 0). Hence, by (2) and (5) we obtain that
Therefore (4) , and (7)) = 4n √ η n < 1 2 n (by the choice of η n ), which finishes the proof of (6) . Let Z to be the closure of Z. Notice that Z ∩Y ⊃ {z n : n ∈ N} thus Z ∩ Y is infinite dimensional. We claim that T | Z : Z → X is a compact operator, which will finish the proof of Theorem 2.1. Indeed, let (y m ) m ⊂ Z where for all m ∈ N we have y m = 1, and write y m = ∞ n=1 y m,n where y m,n ∈ Z n for all n ∈ N. It suffices to prove that (T y m ) m has a Cauchy subsequence. Indeed, since Z n is finite dimensional for all n ∈ N, there exists (y y m,n where y m,n ∈ Z n for all n ∈ N. Also, for all n, m ∈ N with n ≤ m, ( y t ) t≥m and ( y t,n ) t≥m are subsequences of (y m t ) t and (y m t,n ) t respectively. Thus for all n ∈ N, (T y t,n ) t∈N is a Cauchy sequence. We claim that (T y m ) m is a Cauchy sequence. Indeed, for ε > 0 let m 0 ∈ N such that 1/2 m 0 −1 < ε and let m 1 ∈ N such that (8) T y s,n − T y t,n < ε 2m 0 for all s, t ≥ m 1 and n = 1, 2, . . . m 0 .
Thus for s, t ≥ m 1 we have (6) and (8) Lemma 2.4. Let T be a strictly singular 1-1 operator on an infinite dimensional Banach space X. Let k ∈ N and η > 0. Then for every infinite dimensional subspace Y of X there exists an infinite dimensional subspace Z of Y such that for all z ∈ Z and for all i = 1, . . . , k we have that
(where T 0 denotes the identity operator on X).
Proof. Let T be a strictly singular 1-1 operator on an infinite dimensional Banach space X, k ∈ N and η > 0. We first prove the following Claim: For every infinite dimensional linear submanifold (not necessarily closed) W of X there exists an infinite dimensional linear submanifold Z of W such that T z ≤ η z for all z ∈ Z.
Indeed, since W is infinite dimensional there exists a normalized basic sequence (z i ) i∈N in W having biorthogonal constant at most equal to 2, such that
i+2 for all i ∈ N. Let Z = span{z i : i ∈ N} be the linear span of the z i 's. Then Z is an infinite dimensional linear submanifold of W . We now show that Z satisfies the conclusion of the Claim. Let z ∈ Z and write z in the form z = Σλ i z i for some scalars (λ i ) such that at most finitely many λ i 's are non-zero. Since the biorthogonal constant of (z i ) i is at most equal to 2, we have that |λ i | ≤ 4 z for all i. Thus
which finishes the proof of the Claim.
Let Y be an infinite dimensional subspace of X. Inductively for i = 0, 1, . . . , k, we define Z i , a linear submanifold of X, such that (a) Z 0 is an infinite dimensional linear submanifold of Y and Z i is an infinite dimensional linear submanifold of T (Z i−1 ) for i ≥ 1. (b) T z ≤ η z for all z ∈ Z i and for all i ≥ 0. Indeed, since Y is infinite dimensional, we obtain Z 0 by applying the above Claim for W = Y . Obviously (a) and (b) are satisfied for i = 0. Assume that for some i 0 ∈ {0, 1, . . . , k − 1}, a linear submanifold Z i 0 of X has been constructed satisfying (a) and (b) for i = i 0 . Since T is 1-1 and Z i 0 is infinite dimensional we have that T (Z i 0 ) is an infinite dimensional linear submanifold of X and we obtain Z i 0 +1 by applying the above Claim for W = T (Z i 0 ). Obviously (a) and (b) are satisfied for i = i 0 + 1. This finishes the inductive construction of the Z i 's. By (a) we obtain that Z k is an infinite dimensional linear submanifold of
and T is 1-1, we have that W ⊆ Y . By (a) we obtain that for i = 0, 1, . . . , k we have
Thus by (b) we obtain that T i z ≤ η T i−1 z for all z ∈ W and i = 1, 2, . . . , k. Obviously, if Z is the closure of W then Z satisfies the statement of the lemma. Corollary 2.5. Let T be a strictly singular 1-1 operator on an infinite dimensional Banach space X. Let k ∈ N, η > 0 and F be a finite codimensional subspace of X. Then for every infinite dimensional subspace Y of X there exists an infinite dimensional subspace Z of Y such that for all z ∈ Z and for all i = 1, . . . , k + 1
Proof. For any linear submanifold W of X and for any finite codimensional subspace F of X we have that
Indeed for any n > dim(X/F ) and for any x 1 , . . . , x n linear independent vectors in W \(F ∩ W ) we have that there exist scalars λ 1 , . . . , λ n with (λ 1 , . . . , λ n ) = (0, . . . , 0) and
Let R(T ) denote the range of T . Apply (9) for W = R(T ) to obtain
Since T is 1-1 we have that
Indeed, for any n > dim(R(T )/(R(T )∩F )) and for any x 1 , . . . , x n linear independent vectors of X\T −1 (F ), we have that T x 1 , . . . , T x n are linear independent vectors of R(T )\T (T −1 (F )) = R(T )\F (since T is 1-1). Thus T x 1 , . . . , T x n ∈ R(T )\(R(T )∩F ) and since n > dim(R(T )/(R(T )∩ F )), there exist scalars λ 1 , . . . , λ n with (λ 1 , . . . , λ n ) = (0, . . . , 0) such that
λ i x i ∈ F , and hence n i=1 λ i x i ∈ T −1 (F ), which proves (11). By combining (10) and (11) we obtain
By (12) we have that
. Therefore if we apply (9) for W = Y and F = W 1 we obtain
and therefore Y ∩ W 1 is infinite dimensional. Now use Lemma 2.4, replacing Y by Y ∩ W 1 , to obtain an infinite dimensional subspace
for all z ∈ Z and i = 1, . . . , k + 1. Notice that for z ∈ Z and i = 1, . . . , k we have that z ∈ W 1 thus T i−1 z ∈ F . Now we are ready to give the Proof of Theorem 2.3. We prove by induction on k that for every infinite dimensional subspace Y of X, finite codimensional subspace F of X, k ∈ N, function f : (0, 1) → (0, 1) such that f (η) 0 as η 0, and for i 0 ∈ {0} ∪ N, there exists η 0 > 0 such that for every 0 < η ≤ η 0 there exists x ∈ Y , x = 1 satisfying (a ) T i−1 x ∈ F and T i x ≤ η T i−1 x for i = 1, 2, . . . , i 0 + k + 1.
(b ) bc
, . . . ,
For k = 1 let Y, F, f , and i 0 as above, and let η 0 ∈ (0, 1) satisfying
Let 0 < η ≤ η 0 . Apply Corollary 2.5 for k and η replaced by i 0 + 1 and η/4 respectively, to obtain an infinite dimensional subspace Z 1 of Y such that for all z ∈ Z 1 and for i = 1, 2, . . . , i 0 + 2
a ) and (b ) for k = 1, thus we may assume that (17) bc
.
2 is finite codimensional and T is 1-1, by (13) we have that
Apply Corollary 2.5 for F, k and η replaced by
2 ), i 0 + 2 and η 2 respectively, to obtain an infinite dimensional subspace Z 2 of Y such that for all z ∈ Z 2 and for all i = 1, 2, . . . , i 0 + 2 (20)
and let x = (x 1 + x 2 )/ x 1 + x 2 . We will show that x satisfies (a ) and (b ) for k = 1. We first show that (a ) is satisfied for k = 1. Since x 1 , T x 1 , . . . , T i 0 +1 x 1 ∈ F (by (16)) and x 2 , T x 2 , . . . , T i 0 +1 x 2 ∈ F (by (20)) we have that x, T x, . . . , T i 0 +1 x ∈ F . Before showing that the norm estimate of (a ) is satisfied, we need some preliminary estimates: (22)-(31).
If 1 ≤ i < i 0 (assuming that 2 ≤ i 0 ) then
(by applying (20) for z = x 2 , i 0 − i times)
Thus, by (22), for 1 ≤ i < i 0 (assuming that 2 ≤ i 0 ) we have
Also notice that (25)
(by (20) for z = x 2 and i = 1). Also for i 0 < i ≤ i 0 + 2 we have that by applying (20) for z = x 2 , i − i 0 times, we obtain
Thus for i 0 < i ≤ i 0 + 2 we have
Also for i 0 < i ≤ i 0 + 2 we have
Later in the course of this proof we will also need that
Finally we will show that for 1 ≤ i ≤ i 0 + 2 we have that
(by (16) (z = x 1 ), and (20) (z = x 2 ))
If 1 < i < i 0 (assuming that 3 ≤ i 0 ) we have that
(by (23) and (24))
(by (25) and (24)) = 4 
Therefore
Thus 1 − f (η) ≤ |a 0 |, |a 1 | ≤ 1 and hence
Also by (36) we obtain that
and thus (38)
Notice that (38) and (39) imply that w = ( T i 0 x 1 /( x 1 + x 2 a 0 ))w and hence
(using (37) and w < f (η))
≤ 2f (η)
(by the choice of z * 1 ) = 2f (η) z
